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XVIIL—Onr a Method of Reducing Observations of Underground Temperature,
with its Application to the Monthly Mean Temperatures of Underground
Thermometers, ot the Royal Edinburgh Observatory. By Joserm D, Everpre,
M.A., Professor of Mathematics, &c., in King’s College, Windsor, N.S., and
late Secretary to the Meteorological Society of Scotland.

(Read 30th Apxil 1860.)

A few years since I was engaged in the performance of some calculations under
the direction of Professor W. Tmoason of Glasgow, having reference to the obser-
vations of underground temperature made at the Royal Edinburgh Observatory.
In this paper I propose to describe a modification of Professor Tromsox’s method,
which, while retaining a sufficient degree of accuracy, will be simple enough for
general adoption. The objects proposed are—

1st, To express the variations of temperature at a given depth in terms of the
time of year.

2d, To deduce the conducting power of the soil.

In the calculations performed for Professor Tromsow, the temperatures at 32
equal intervals in each year were required 2s the basis of calculations; and as
the observations had been made only once a~week, it was requisite to interpolate,
either by graphical projection (which was the method employed) or in some
other way. '

A Report of the Royal Edinburgh Observatory having recently passed through
my hands, containing the mean temperature of each of the underground ther-
mometers for each month of each year during a period of seventeen years, I have
adapted Professor TaoMson’s method to a computation from 12 (instead of 32)
points in the year, and have applied the method thus modified to the means on
the seventeen years’ observations. The present paper embodies the results, which
will be found to agree pretty closely with those obtained by the more elahorate
method. The monthly mean temperatures printed in the Observatory Report, on
the averages of which, for the seventeen years, the following results are hased,
are simply the arithmetical means of the weelly readings taken in each calendar
month.

For the sake of making the paper intelligible, it will be necessary to premise
3 few prineiples which are common to both methods. :

The form of expression to which the temperature of each thermometer is to
be reduced, is
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v=A,+P, sin (?¢%+E,) +P, sin (4w%+E2) +&e . (L)

the g:eneral term being P, sin (%w%«{-E,,)

Where v is the temperature at the line ¢ from the epoch of reckoning, T is the
peliiodic time (a year), 7 is the ratio of the circumference of a circle to the dia-
meter, and A,, Py, Py, B, E,, &c. are constants, whose value must be found from
the temperatures observed. .

It is evident from the form of the expression that A, is the mean temperature
of the whole year, and that the maximum and minimum values of any subsequent

term P, sin ( 2n4r%+E,,) are +P, and —P, respectively. As the range of value

through which any term passes depends only on the coefficient P, this coefficient
is styled the amplitude of the term, being in fact equal to half the range.

The epochs of maxima and minima will be very different for different terms.
The term involving P, has one maximum and one minimum in the year. The
term involving P, has two maxima and two minima, and generally the term in
P, has % maxima and » minima in the year, its values going through their entire

cycle in the }Bth part of a year. The term in P, is therefore called the anmual

term, and the term in P, the half-yearly term.

The maximum and minimum values of a term will occur earlier or later i
the year, according to the value of the constant E,, any diminution in the value
of E, being the same thing as a retardation of the maxima and minima. Such
retardation is called retardation of phase. Tt is the diminution of amplitude and
retardation of phase between the terms for thermometers at different depths, that
afford the means of deducing the conducting power of the soil.

In order to find from the observed temperatures the values of the constants
in expression (1), we must make use of the equivalent expression—

A SO IR
. v=A¢+*(Al cos 255+ B, sin 2%’) + (A2 cos 4@%_;]32 gin -4,,%) +&e,
the genéral term heing (A,I o8 2?:%‘% +B; sin 2mr,§‘) N A HE

and then by applying the equations of transformation

'\/Aus + Bﬂ?,:Pﬂ H %:: tﬂln E“ P N N (3-) l

we shall obtain the values of the constants in expression (1.
In the caleulations- performed for Professor Tuomson, the expressions were
carried as far as the terms depending on A, and B, 1 have carried them only a8
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far as A, and B,, the convergence of the tetms heing so rapid that a good approxi-
mation to the value of the whole series is thus obtained, For deducing the con-
- ducting power of the soil even this is more than is required, the values of any
single term (except A,) for the different thermometers being all that theory.re-
quires, and the values of A, and B,, inasmuch as they admit of more accurate
determination than the coefficients of following terms, can be most advantageously
used for making this deduction.
The process for finding the values of A, A, B,, &c., is different according to the
number of points in the year that are taken. To find analyncally the process for
12 points in the year, let

v, denote the temperature at the epoch of commencement ;

v, n o 1—12 of the year later;
2.
- Y P ” i) » »
&e, ‘ &e.,

and let the sines of 0°, 30°, 60°, and 90°, be denoted by Sy, S;, Sy, S; respectively;
we have then the following values of » for the 12 points in the year:—

L 1L
v,=A,+A; S, +A,8,+B,8+B,5 v, =A —A 8.+4,8~B 8+B,8
At A S+ AL SAB, S4By 8, | v mAiw Al Sy+ Al Si—B, §,+B, 5,
v,=A +A S~A 8 +B 5,+B,8, | 9 =A~A §-A8-B §+B 8
Yy=A;+A B —4, Sls'*‘Bl 8,—B,8; | v, =A—4 8~-4,5~B 5+B,8,
y=4,—A 84,85 +B §,-B,§, vy =A +4, 8,-4,8-B, 5,8, 8,
v=A,—4,5,+4, 5 +B, 8,~B, 8, vy =A)+4, Sz‘*‘Aa(S -B, 8, —B, B,

L Iv.
v~v= 2 A 8,+2 B, 8,
y~v= 2A 85,428 8 Yo, =2 A, 8,+2B o S
y—v= 24, 8+2B85, v—v,=—2A 8 +2B 5,
vymvy= =2 A §,42 B, §; | |

Subtracting the quantities in column IV. from those opposite to them respec-
tively in column I (remembering that Sy=0, and §;=1), we obtain the
remainders—

24, 4AS, 448, 2B,

If these be multiplied reépectively by the factors,
1 S, 8, 0
the products are

2 4 44, (87 LA, (5)



432 PROFESSOR EVERETT ON A METHOD OF REDUCING

and the sum of these four products (since (5, +(,)'=1) is 6 A,. Hence the value
of A, can be found.

Again, adding the quantities which stand opposite to each other in columns
IT1. and IV. we have the sums

24, 48,8, 4B, 5, 2B;;
and if we multiply these respectively by the factors,
| 0 s, s, 1

we obtain the pi'oducts,
0 4B, (8, 4B, (8, 2 B,
The sum of these products is 6 B, ; hence B, can be found.
Adding the terms opposite each other in columns I. and II. we find

V. VI

v +v,=2 A +2 A, 8,428, 8; | vty =24,-24,8-2B,5,
v+v1_2A0+2AS+ BS v+, ._2A 2AS 2BS
+vs—2A -24,8, +2B S 'v5+vu_2A +2A,ZS 2B S

The sum of all the terms in V. and VL is 12 A, Which is in fact the sum of the
12 values of ¢. -

Subtracting the quantities in VI. from those opposite to them in V., we have
the remainders,—

44, 4A,8,+4B, 8, ~44,8+4B, 8,
Multiply these remainders respectively by
1 8, -8,

and omitting the two terms 4 B, S, S, and —4 B; 8, §,, which destroy one
another, we paVe thg_ products—

14 44, (5, 44, (8
whose sum‘(s_inice ~SI=%); i86 A, Hence A, _cah be found. |
- Again, if the above remainders he multiplied respectively by
o | 5
the products (omitting terms which destroy each other) are
0 4 B, (8, 4 B, (8,
V3

and since S;= — the sum of these products is ¢ B,. Ilenco B, can ho found.
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The application of the process above indicated to the deﬁermmatmn of A, B,
A, B, for the 3 feet thermometer is subjoined.

I IL I, Iv. g i
8 ’ &z
Temperatures | Temperatures | Tasttwo | IL—IV.| % | Products. [ HL4IV. :EL Produats,
of first 6 of last 6 LTI, |Nos, in I, E =
months. months, reversed. 5 =
40-57 5270 | ~12:13 | —1218 |1 |-1218 |—1218 {0 |~ 0-00
39-6¢ 5382 |~1418 | +724 | —2142 | 8, |—1855 |~ 694 | 8, | - 347
40+31 5975 | —1244 | +035 | ~1979 |8, |~ 6:39 |—1209 |8, | ~10-47
4246 4915 | - 670 - 6700 00|~ 67011 |~ 670
45-87 4552 +'0°35 8) —s707 6) | ~2064
49-88 4262 |+ T4 —]
Al.: — 618 . BI:: - 3_‘4:4:
\A VL %j _ _§
Vvl | & | Produs | o | B | Produets
Pirst Half of | Lest Half of E _ i 4,
{(L+IL) (L+IL) \ = =
8327 | . 9160 | 4167 | 1 | 4167 167 | 0 00
9346 | 9139 .| +207 | 8 | 41085 +207 sg} :
9308 | 9248 | +058 | —§ | —0200 | 4058 | 8, J| TE
" 6)| +2415 6) | +2:295
Ay=| 4 4025 By=| + 3825

A,=mean of all the numbers in I. and 1T, =46:27.

There are in all four thermometers, their bulbs being sunk to depths of 3, 6,
12, and 24 French feet respectively below the surface of the ground. The means
of their readings, in degrees Fahrenheit, for each calendar month, on the average
of the seventeen years 1858-1854, are as under :—

Depth of
Thap-
momater,

Jan,

Tab,

Mar,

April,

Mey.

June, | July,

Aug.'

Sept.

ch

Nov. | Dec.

3 foet
6 foot
12 foot
24 fosh

4057
4359
4684
4777

39-64
42-36
4582
4763

40-31 | 49-45
49:00 {4279
4506 | 44-68
£7°39| 47-08

4587
44:65
44-88
46-79

49:86 | 52-70
47234971
4563 | 4684
4669 4656

53:82
51:31
4807
4669

5275
5164
48-96
4697

48-16
50-11
4927
4781

4652 | 42-62
47-81|4548
40-02 4794
47-6114779
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The values of A, Ay, B, A, B, obtained in the manner above indicated,
are— '

v

For the 3 feet thermometer, | 46-27 | —618 | —344 | +-4025 | +-3825

6 fect ... 4655 | —310 [—365 |+-120 | +-293
e 12 feet ... 4692 | +003 |—281 | —-0833 | +0635
. Yfeet ... 4718 | 40615 | ~0-118 | —-0167 | —-0144

And the values of P, Py, E;, E,, obtained from these by the formulee of transfor-
mation (3), are—

P, r, E, E,

For the 3 feet thermometer, | 707 | 56 UEY | 46° 2T

6 feet ... 479 32 220° 20 29° 16
o 12feet L 2:31 ‘10 179° 18" | — b2° 41

. O fest ... 63 | 02 | 100° 52 | —130° 46/

With the view of testing how neasly the formulee give the true temperature
of each month, T have calculated the temperature of each thermometer for each
month both by formula (1) and formula (2), the results in the two cases being
identical ; and the following table exhibits their differences from the actual tem-
peratures. The numbers in the first line are the actual temperatures; those in
the second line are obtained by putting t successively equal to 0, 7 T, ¢ T, &,
in expressions (1) and (2); and those in the third line are the corrections neces-
sary for reducing the calculated to the actual temperatures. For the sake of
exhibiting the variations of temperature more clearly, the temperatures have in
each case been diminished by the mean of the year, so that temperatures below
the mean bear the negative sign,
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dan. | Feb. | Mor. | April. | May. | June. | July, | Aug. | Sept. | Ot | Nov. | Dec.

8 feet Ther. :
Actual, ~570]~663 |~ 598|—382 040 |+ 359 | +6-43 | +7-55 | + 648 |+ 2-88 |~ 0-75 |~ 365

By formula, |~578|~6-64|— 594|384 |—042| 4850 |4 6-58 |+ 760 |+ 630 |+8:04 | —064 |~376

Difference, |+ ‘081— 09 — 0214+ 02|+ 02|+ -09|— ‘15|~ 05|+ 28— -16|— 11|+ 11

& foet Ther. A ’ ‘ )
Actual, —~296|—~420|—455|~876!~1-90 1+ 068 +316 +476+400 + 3-66 ,+1"26 107

By formul, |—2:98 |—4:20 |—4:52 |~ 377 |~1:93 |+ 0-67 |+ 392 | + 462+ 491 | 4363 |+ 1:30 [~ 1:05

Difference, |+ -02) 00|~ 03]+ -0l|+ -03|+ 011— -08|— -06|+ 08|+ -03|— 04 ~ +02

12 foet Ther. » ‘ ‘ ‘
Actual, —~008|~110|~186|—2:24 |~2:04 |~129{~0-08 [+ 115 |+ 204 [+ 285 |+ 210 |4 1:02
By formula, [—008;—112:~189|~223|~2:03 [~128{~0-11}+1144-2:08]4+2-39 42'00 108
Difference, |— 03!+ Q2+ 08— 01— 01— 0114 03|+ ;01 —~ 04— 04 |+ 10 -~ 08
24 foet Ther.

Actual, |+ 594 45|+ 21|— 10]— 30|~ B9|— 63|~ 49|~ 21]+ 13|+ 43|+ 61
By formula, |+ 60|+ 45|+ 20|— 10|— 39|— 59— 63|~ -49|— -1t 13|+ 48]+ -60

Difference, |~ 01 00+ 01| 00 -00| ~-00f -00f -00 00 00| 00|+ +01

If we had neglected the term involving P, (the half-yearly temi}, and taken
only the term involving P, (the annual term), we should have obtained the
results entered in the first line of the following table. The numbers in the
second line are the corrections necessary for reducing these resnlis to the actual
temperatures.

Jan. | ¥eb. | Mar. | April | Moy, | Jume. | July. | Aug. | Seph | Oct. | Nov. | Dee.

Results, | ~618 |~ 707|607 |~344 +0°}1 +3:68 %:6‘18 + 70714607+ 344 {~011{—-363
Corvections, |+ 48|+ -44 4+ 1ljw 38|~ *61{— 04| 264 48!+ 41— 58— 64— 02

Results, —310{—451 «-;4'71 ~366]—~161|+0:86|+310 |+ 461 +471|+365+161{—086
Corrections, |+ 14 [+ 81|+ -16]— 11~ 29|~ 18|+ 06|+ 25 [+ -2B{— 08 {— -35[~ -21

Results, +0:03| =113 |~1-08 |~2'31 {=2:02{=1:18 |~ 0-03 |+ 1'18 | 4-1-99 | 4- 281 |+ 2-02 |+ 1'18
Oorl‘ections, — 11|+ 08|+ 12|+ +07]~ 02— ‘11|— 08{+ 02|+ 05|+ 04|+ 08|~ ‘16

Results, |4 62|+ 47|+ 90|~ 12|— 41|~ B9|— 62| 47|~ Q1w “12|4 41|+ 59
Oorractions, |— 03|~ 02{+ -01(+ 02]+ 02 -00|— 01— 02| 00|+ -01{+ -02|+ -02

—
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The processes hitherto described are applicable not only to underground tem-
peratures, but also to open-air temperatures, and, in fact, to any element that
varies in a regular manner.

It remains to show how the results which we have obtained can be applied
for determining the conduetivity of the soil. The mode of procedure will be
exactly the same as that adopted in the calculations for Professor Trousox,

The conducting power of the soil may be inferred either from the diminution
in the values of P, and P, as we descend in the soil, or from the diminution of
E,and E, In other words, it may he inferred either from diminution of ampli-
tude, or from retardation of phase.

Let # denote the difference in depth of any two of the thermometers; let
a . E, denote the retardation of phase, or the excess of the value of E,, for the
upper of the two thermometers above its value for the lower, E, being expressed
not in degrees and minutes, but in circular measure; and let . log, P, denote the
diminution of the Napierian logarithm of the amplitude, or the excess of log, P,
for the upper thermometer above log, P, for the lower; the ratio of % the
conductivity of the soil, to ¢, the capacity of the soil, for heat, may then be deter-
mined by either of the equations

A.En‘z nee é.logePn__: et (4)
@ ONTE E ™

The manner in which these equations are deduced from the dlﬁ’erenmal equa-
tion for the flow of heat through the soil,

@‘_k ey
di ¢ de¥

will be stated in a note at the end of this paper. At present we proceed to apply
the equations to the numerical resulis above obtained.

The values of E, and E, in circular measure, and of log, P; and log, P, are as
under :—

Loge P; Logs B, E, in circulas | B in cireulor

neasure, II%E&S‘&IB.

8 feet thermometer 196 ~ 69 420 + 81
Gfest 156 ~115 886 + 39
126, 8¢ | —296 815 | — 92
et ,, | — 47 | -8981 176 | —228

- By comparing the thermometers two and two in every posszlble combination,
the following resulis are obtained :—
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For TR ANNUAL TERM.

Th ot . we e
ciﬁn];:?ed?m oK T N/ %Ek aloge | | 2 Fr_ck
)

3 feet and 6 feet. -36 3 ‘117 .39 3 130

3 feet and 12 feet, 1:05 9 117 111 9 193

3 feet and 24 feet. 944 |21 ‘116 242 {91 ‘115

6 feet and 12 feet. 70 6 ‘117 72 6 -120

6 feet and 24 feet. 209 |18 ‘116 2:03 |18 -113

12 feet and 24 feef. 189 |12 116 1081 |12 ‘109
Means, . . . . . -1165 c e ‘1188

For vEE HALF-YBARLY TERM.

Tammden B o | Wi ey || /2
3 feet and 6 feet. 42 3 140 *56 3 1187
3 feet and 12 feet. 1-78 9 192 1:66 9 184
3 feet and 24 feet. 3+09 21 147 329 21 158
6 fest and 19 feet, 181 6 218 1:10 6| 183
6 feet and 24 feet, 287 18 148 2:66 18 *148

12 feet and 24 feet. 1:36 12 ‘113 166 12 +130

Meaﬂs’ . . . . -‘ '160 . . « '164

Quotients by 4/2, . . . . ‘116

The results deduced from the annual term agree the best among themselves,
and are the most reliable; the coefficients P, of the half-yearly term being very
small, and varying considerably from year to year. Notwithstanding, the mean

values ‘113, ‘116 of %Ti’ deduced from the half-yearly term, agree very well with

the values 1165, ‘1183 from the annual term. Professor THoMsON’s results from
the temperatures of the thirteen years 1842-1854 were:—

By Phase. By Amplitude,
For the annual term, . . 11566 1160
For the half-yearly term, . . 08861 111133

~these numbers being the values of the fanction J %{ obtained from the coeffi-

-
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cients in the same manner as above. The agreement as regards the annual term
is very remarkable, extending, as it does, hoth in the determination from phase
and in that from amplitude to the fourth decimal place.

Note on the Equations

A ¥ - %WG . loge Pn
z  NTE z ’

The differential equation for the conduction of heat through the soil, the
surface being supposed horizontal and the soil uniform, is

i_b &
dt ¢ da®
This equation is satisfied if we assume
v:Pe-—m/ %vr’_c sin (2MT‘+ E,—z T;’;i)

—e being the base of Napierian logarithms, and P any constant.
To show that this integral satisfies the differential equation, put

’nf,w _ 21?0!‘5
'T—l;-" %y _,T\‘ +E -ﬁ.

The equation then becomes

v=Pe—# sin (8~ az).
Whence ,
BB et oo ()=

= . Pe—a cos (B~ ax)

T

%: ~—Paug—ez { sin (B~ o) + cos (8- az) }

‘ %;Pwle—ax { sin (B o) + eos (B~ o) +cos (B~ o) —sin (ﬁ—aw) }

= 2 Pa’¢~ co8 (B~ az).

Hence
- v nwl@_}btl T/a
dt- T "' da®? 2 nm
Whence .
d_k dw

=2 g OF the differential equation is satisfied.

It will be equally satisfied if, instead of a single term, we have a series of
terms of the same form as that above assigned to v, and if we likewise prefix &
constant A, Hence we have the general equation
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7¢ 2e
v=A,+Pe" JTk sin (2arT+E HMJ'I;) +Pe™ [—Bln (4quE m@ ) + &,

the general term being

Jm-
Tk, nge
P §in (2mrT+E -3, / Tlc)

In this equation # denotes the distance below any assumed horizontal plane.
Let the plane pass through the bulb of one of the thermometers; then the general
term will become for this thermometer

- t
P sin (2nqr17 +E») ;
while for a thermometer lower by 2 feet it is

ne
—V T, 14 e
P M- o ‘nﬂc)
e sin ( ne +E i
Hence it appears that in descending through « feet the amplitude P, is diminished
 in the ratio of =" T 1o 1, while the quantity E, is diminished hy the amount
:c,\/ T Whence the equations

A.lg P _a E _ fome
z o Tk




